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QUANTIZED CHEBYSHEV POLYNOMIALS AND CLUSTER
CHARACTERS WITH COEFFICIENTS
G. DUPONT
Abstrat. We introdue quantized Chebyshev polynomials as deformations
of generalized Chebyshev polynomials previously introdued by the author in
the ontext of ayli oeient-free luster algebras. We prove that these
quantized polynomials arise in luster algebras with prinipal oeients as-
soiated to ayli quivers of innite representation types and equioriented
Dynkin quivers of type A. We also study their interations with bases and
espeially anonially positive bases in ane luster algebras.
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1. Introdution
Normalized Chebyshev polynomials are elementary well known objets whih an
be dened as follows. For every n ≥ 1, the n-th normalized Chebyshev polynomial of
the rst kind Fn is haraterized by Fn(t+ t
−1) = tn+ t−n and the n-th normalized
Chebyshev polynomial of the seond kind Sn is haraterized by Sn(t + t
−1) =∑n
k=0 t
n−2k
. These polynomials made their rst apparition in the ontext of luster
algebras respetively in [SZ04℄ and in [CZ06℄.
Cluster algebras were introdued in early 2000's by Fomin and Zelevinsky in
[FZ02℄. Sine, they found appliations in many areas of mathematis like ombina-
toris, Lie theory, Poisson geometry or representation theory. In their most simple
inarnation, luster algebras are ommutative algebras over ZP where P is some
tropial semi-eld. The generators, alled luster variables, are gathered into sets
of xed nite ardinality alled lusters. Monomials in variables belonging to a
same luster are alled luster monomials. The elements of a luster algebra an
always be expressed as Laurent polynomials in luster variables belonging to any
xed luster, this is referred to as the Laurent phenomenon [FZ02℄. An element in
1
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a luster algebra A is alled positive if it an be expressed as a Laurent polyno-
mial with oeients in Z≥0P in every luster of A. A ZP-basis B in A is alled
anonially positive, if positive elements in A oinide preisely with Z≥0P-linear
ombinations of elements of B. It is not known if there is neessarily a anonially
positive basis in a luster algebra A. Nevertheless, if suh a basis exists, its ele-
ments are uniquely determined up to normalization by elements of P. Canonially
positive bases were investigated in partiular ases in [SZ04, Cer09℄.
The researh of bases, and espeially anonially positive bases, in luster alge-
bras was one of the main motivation for their study. In the symmetri oeient-
free ase, that is, when P = {1}, Caldero and Keller proved that if the luster
algebra A is simply-laed of nite type (ie if it has only nitely many luster vari-
ables), then luster monomials form a Z-basis in A [CK08℄.
For rank 2 luster algebras of ane and nite type, Sherman and Zelevinsky
managed to ompute anonially positive bases with arbitrary oeients [SZ04℄.
In partiular, the authors proved that if A is a oeient-free rank 2 luster algebra
of ane type, the anonially positive basis of A is B(A) = {luster monomials} ⊔
{Fn(z)|n ≥ 1} where z is some well hosen partiular positive element in A (see Se-
tion 7 for details). Using oeient-free luster haraters, Caldero and Zelevin-
sky managed to ompute a slightly dierent basis for the oeient-free luster
algebra assoiated to the Kroneker quiver [CZ06℄. Namely, this basis is given
by {luster monomials} ⊔ {Sn(z)|n ≥ 1}. The presene of normalized seond kind
Chebyshev polynomials in this ase omes from the study of oeient-free luster
haraters assoiated to regular modules over the path algebra of the Kroneker
quiver.
Let Q = (Q0, Q1) be an ayli quiver, that is, a quiver without oriented yles
where Q0 is a nite set of verties and Q1 a nite set of arrows. Let k = C be the
eld of omplex numbers, we denote by kQ the path algebra of Q, by kQ-mod the
ategory of nite dimensional left-kQ-modules and by CQ the luster ategory of
Q.
Let y be a Q0-tuple of elements of P. We denote by A(Q,y,x) the luster algebra
with prinipal oeients at the initial seed (Q,y,x) where x = (xi|i ∈ Q0) and
y = (yi|i ∈ Q0) is a minimal set of generators of the semield P.
Inspired by works on luster haraters for the oeient-free ase [CC06, CK08,
CK06, Pal08℄, Fu and Keller introdued in [FK07℄ luster haraters with oe-
ients in order to realize elements in the luster algebra A(Q,y,x) from objets
in the luster ategory CQ. In partiular luster variables in A(Q,y,x) are har-
aters assoiated to indeomposable rigid objets in the luster ategory CQ. In
this paper, we onsider a more elementary desription of luster haraters with
oeients than the one proposed in [FK07℄. We will see in Setion 2.2 that these
two denitions oinide. The luster harater with oeients on CQ is a map
XQ,y? : Ob(CQ)−→Z[y][x
±1]
whose detailed denition will be given in setion 2. We denote by
XQ? : Ob(CQ)−→Z[x
±1]
the usual Caldero-Chapoton map introdued in [CC06, CK08℄, whih will also be
referred to as the luster harater without oeients on CQ.
In [Dup08b℄ (see also [Pro08℄ for a similar desription in Dynkin type A), we
introdued a generalization of Chebyshev polynomials of the seond kind arising in
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luster algebras assoiated to ayli representation-innite quivers. More preisely,
if Q is a quiver of innite representation type, the oeient-free luster harater
XQM of an indeomposable regular moduleM an be expressed as a polynomial with
integral oeients evaluated at the haraters of quasi-omposition fators of M .
The polynomials appearing were alled generalized Chebyshev polynomials.
In [Cer09℄, the author gets interested in luster algebras with oeients assoi-
ated to an ane quiver of type A˜2,1. It turned out that if the oeients are not
speialized at 1, generalized Chebyshev polynomials do not appear anymore. The
aim of this paper is to introdue a ertain deformation of generalized Chebyshev
polynomials that allows to reover the polynomiality property for luster hara-
ters with oeients evaluated at indeomposable regular modules over the path
algebra of a representation-innite quiver.
Whereas the nal goal of this paper is to give an eient tool for alulations
in luster algebras, most of the results an be read independently of the theory of
luster algebras.
Our main results are the following : Consider a family q = {qi|i ∈ Z} of inde-
terminates over Z and a family {xi,1|i ∈ Z} of indeterminates over Z[q]. We dene
by indution a family
{xi,n|i ∈ Z, n ≥ 1} ⊂ Q(q)(xi,1|i ∈ Z)
by
(1.1) xi,nxi+1,n = xi,n+1xi+1,n−1 +
n∏
k=1
qi+k
with the onvention that xi,0 = 1 for all i ∈ Z.
The rst result of this paper is a polynomial losed expression for the xi,n :
Theorem 1. For any n ≥ 1 and any i ∈ Z, we have
xi,n = det

xi+n−1,1 1 (0)
qi+n−1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1
(0) qi+1 xi,1

.
In partiular, xi,n is a polynomial in Z[qi+1, . . . , qi+n−1, xi,1, . . . , xi+n−1,1].
Note that the well-known Dodgson's determinant evaluation rule turns out to
be a onsequene of theorem 1 and equation (1.1) when all the q′is are speialized
at 1.
Identifying naturally the ring Z[qi+1, . . . , qi+n−1, xi,1, . . . , xi+n−1,1] with a sub-
ring of qi, . . . , qi+n−1, xi,1, . . . , xi+n−1,1, we denote by Pn the polynomial in 2n
variables suh that
xi,n = Pn(qi, . . . , qi+n−1, xi,1, . . . , xi+n−1,1)
and Pn is alled the n-th quantized Chebyshev polynomial of innite rank. Note
that the denition of Pn does not depend on i.
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For any p ≥ 1, the abelian group pZ ats Z-linearly on Z[qi, xi,1|i ∈ Z] by
kp.qi = qi+kp and kp.xi = xi+kp for any k ∈ Z. We denote by
πp : Z[qi, xi,1|i ∈ Z]−→Z[qi, xi,1|i ∈ Z]/pZ
the anonial map. We set Pn,p to be the unique polynomial suh that for every
i ∈ Z and n ≥ 1, we have
πp(xi,n) = Pn,p(πp(qi), . . . , πp(qi+p−1), πp(xi), . . . , πp(xi+p−1)).
Pn,p is alled the n-th quantized Chebyshev polynomial of rank p. If we denote by k[p]
the remainder of the eulidean division of an integer k by p, Pn,p is the polynomial
suh that Pn,p(qi[p], . . . , qi+p−1[p], xi[p],1, . . . , xi+p−1[p],1) is the determinant
det

xi+n−1[p],1 1 (0)
qi+n−1[p]
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1
(0) qi+1[p] xi[p],1

In the sequel, we will use the following notation : if J is a set, a = {ai|i ∈ J}
is a family of indeterminates over Z and ν = {νi|i ∈ J} ⊂ Z has nite support, we
write a
ν =
∏
i∈J a
νi
i .
IfQ is a representation-innite quiver, any regular omponentR in the Auslander-
Reiten quiver Γ(kQ) of kQ-mod is of the form ZA∞/(p) for some p ≥ 0 [ARS95,
Setion VIII.4, Theorem 4.15℄. We denote by Ri, i ∈ Z/pZ the quasi-simple mod-
ules in R, ordered suh that τRi ≃ Ri−1 for all i ∈ Z/pZ. For i ∈ Z/pZ and
n ≥ 1, denote by R
(n)
i the unique indeomposable module suh that there exists a
sequene of irreduible monomorphisms
Ri ≃ R
(1)
i −→R
(2)
i −→ · · ·−→R
(n)
i .
We say that R
(n)
i has quasi-sole Ri and quasi-length n. By onvention R
(0)
i denotes
the zero module. The quotients R
(k)
i /R
(k−1)
i for k = 1, . . . , n are alled the quasi-
omposition fators of the module M . Every indeomposable module in R an be
written R
(n)
i for some i ∈ Z/pZ and n ≥ 1.
Our main result is that quantized Chebyshev polynomials appear naturally for
luster haraters with oeients assoiated to regular modules.
Theorem 2. Let Q be a quiver of innite representation type, R be a regular
omponent in Γ(kQ) and let p ≥ 0 be suh that R is of the form ZA∞/(p). We
denote by {Ri|i ∈ Z/pZ} the set of quasi-simple modules in R, ordered suh that
τRi ≃ Ri−1 for all i ∈ Z/pZ. Then for every n ≥ 1 and i ∈ Z/pZ, we have
XQ,y
R
(n)
i
= Pn(y
dimRi , . . . ,ydimRi+n−1 , XQ,yRi , . . . , X
Q,y
Ri+n−1
)
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or equivalently
XQ,y
R
(n)
i
= det

XQ,yRi+n−1 1 (0)
y
dimRi+n−1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1
(0) ydimRi+1 XQ,yRi

.
Moreover, if p > 0, we have
XQ,y
R
(n)
i
= Pn,p(y
dimRi , . . . ,ydimRi+p−1 , XQ,yRi , . . . , X
Q,y
Ri+p−1
).
We also prove that quantized Chebyshev polynomials arise in luster algebras of
Dynkin type A. For any integer r ≥ 1, let A be the quiver of type
−→
A r, that is, of
Dynkin type Ar equipped with the following linear orientation :
0 1oo 2oo · · ·oo r − 1oo
Let A(A,x,y) be the luster algebra with prinipal oeients at the initial seed
(A,x,y) and XA,y be the luster harater with oeients on CA.
For any i ∈ [0, r − 1], we denote by Si the simple kA-module assoiated to the
vertex i and for any n ∈ [1, r−i], we denote by S
(n)
i the indeomposable kA-module
with sole Si and length n. We prove :
Theorem 3. Let r ≥ 1 be an integer and A be the above quiver of type
−→
A r. Then,
for any i ∈ [0, r − 1] and n ∈ [1, r − i], we have
XA,y
S
(n)
i
= Pn(yi, . . . , yi+n−1, X
A,y
Si
, . . . , XA,ySi+n−1)
or equivalently
XA,y
S
(n)
i
= det

XA,ySi+n−1 1 (0)
yi+n−1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1
(0) yi+1 X
A,y
Si

.
Note that this result was obtained independently by Yang and Zelevinsky by
onsidering generalized minors [YZ08℄.
The paper is organized as follows. In setion 2, we give denitions and properties
of luster haraters with and without oeients. In setion 3, we study in detail
luster haraters with oeients for equioriented Dynkin quivers of type A. The
study of Dynkin type A allows to dene quantized Chebyshev polynomials in setion
4 where Theorem 1 and Theorem 3 are proved. In setion 5, we prove Theorem 2
and give some expliit omputations in luster algebras of type A˜2,1. In setion 6,
we study algebrai properties of some partiular quantized Chebyshev polynomials,
namely the quantized versions of normalized Chebyshev polynomials of the rst
and seond kinds. Finally, in setion 7, we give examples and onjetures for these
polynomials to appear in bases, and espeially anonially positive bases, in luster
algebras of ane types.
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2. Cluster haraters
2.1. Denitions and basi properties. Let Q be an ayli quiver. We de-
note by A(Q,x,y) the luster algebra with prinipal oeients at the initial
seed (Q,x,y) where y = {yi|i ∈ Q0} is the initial oeient Q0-tuple and where
x = {xi|i ∈ Q0} is the initial luster. We simply denote by A(Q,x) the oeient-
free luster algebra with initial seed (Q,x).
Let k = C be the eld of omplex numbers and kQ-mod be the ategory of nite
dimensional left-modules over the path algebra of Q. All along this paper, this ate-
gory will be identied with the ategory rep(Q) of nite dimensional representations
of Q over k. We denote by τkQ (or simply τ) the Auslander-Reiten translation on
kQ-mod. Let D = Db(kQ) be the bounded derived ategory of Q with shift funtor
denoted by [1]kQ (or simply [1]). We denote by CQ the luster ategory of the quiver
Q, that is, the orbit ategory D/F of the auto-funtor F = τ−1[1] in D. This is an
additive triangulated ategory [Kel05℄, 2-Calabi-Yau whose indeomposable objets
are given by indeomposable kQ-modules and shifts of indeomposable projetive
kQ-modules [BMR+06℄. This ategory was independently introdued by Caldero,
Chapoton and Shier for the type A ase [CCS06℄.
For every i ∈ Q0, we denote by Si the simple kQ-module assoiated to the
vertex i, Pi its projetive over and Ii its injetive hull. We denote by αi = dimSi
the dimension vetor of Si. Sine dim indues an isomorphism of abelian groups
K0(kQ)−→ZQ0 , αi is identied with the i-th vetor of the anonial basis of ZQ0 .
As Q is ayli, kQ is a nite dimensional hereditary algebra, we denote by
〈−,−〉 the Euler form on kQ-mod. It is given by
〈M,N〉 = dimHomkQ(M,N)− dimExt
1
kQ(M,N)
for any kQ-modulesM andN . Note that 〈−,−〉 is well-dened on the Grothendiek
group.
For any kQ-module M and any dimension vetor e, we denote by
Gr
e
(M) = {N ⊂M |dimN = e}
the grassmannian of submodules of dimension e of M . This is a projetive variety
and we denote by χ(Gr
e
(M)) its Euler harateristi with respet to the simpliial
ohomology.
Roughly speaking, a luster harater evaluated at a kQ-moduleM is some nor-
malized generating series for Euler harateristis of grassmannians of submodules
of the module M . More preisely :
Denition 2.1. The luster harater with oeients on kQ-mod is the map
Ob(CQ)−→Z[y][x±1] dened as follows :
a. If M is an indeomposable kQ-module, we set
(2.2) XQ,yM =
∑
e∈NQ0
χ(Gr
e
(M))
∏
i∈Q0
x
−〈e,αi〉−〈αi,dimM−e〉
i y
ei
i ;
b. if M ≃ Pi[1] is the shift of an indeomposable projetive module, we set
XQ,yM = xi;
. for any two objets M,N in CQ, we set
XQ,yM X
Q,y
N = X
Q,y
M⊕N .
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It follows from the denition that equation (2.2) holds for any kQ-module. Note
that luster haraters are invariant on isolasses.
For any objet M in CQ, we denote by X
Q
M the value of the Caldero-Chapoton
map at M . Equivalently, XQM is the speialization of X
Q,y
M at yi = 1 for all i ∈ Q0.
We now prove a multipliation formula on almost split sequenes for XQ,y? . This
is an analogue to [CC06, Proposition 3.10℄ for the Caldero-Chapoton map.
Proposition 2.2. Let Q be an ayli quiver, N be an indeomposable non-projetive
module. Then
XQ,yM X
Q,y
N = X
Q,y
B + y
dimN
where B is the unique kQ-module suh that there exists an almost split sequene
0−→M
i
−→ B
p
−→ N−→ 0.
Proof. The proof is almost the same as in [CC06℄ for the oeient-free ase. We
give it for ompleteness. We write m = dimM and n = dimN . We thus have
XQ,yM X
Q,y
N = X
Q,y
M⊕N =
∑
e∈NQ0
χ(Gr
e
(M ⊕N))
∏
i
x
−〈e,αi〉−〈αi,m+n−e〉
i y
ei
i .
Sine the varieties Gr
e
(M ⊕N) and
⊔
f+g=eGrf(M)×Grg(N) are isomorphi, we
get
XQ,yM⊕N =
∑
f,g
χ(Gr
f
(M))χ(Gr
g
(N))
∏
i
x
−〈f+g,αi〉−〈αi,m+n−f−g〉
i y
fi+gi
i .
We now onsider the ase where f = 0 and g = dimN . Sine
Gr0(M)×GrdimN (N) = {(0, N)}
the orresponding Laurent monomial in XQ,yM⊕N is∏
i
x
−〈n,αi〉−〈αi,m〉
i y
ni
i
but m = c(n) where c is the Coxeter transformation indued on K0(kQ) by the
Auslander-Reiten translation. Thus, 〈n, αi〉 = −〈αi,m〉 and then∏
i
x
−〈n,αi〉−〈αi,m〉
i y
ni
i =
∏
i
ynii = y
dimN .
Now, sine the sequene is almost split, for every e ∈ NQ0 , the map
ζ
e
:
{
Gr
e
(B) −→
⊔
f+g=eGrf(M)×Grg(N)
L 7→ (i−1(L), p(L))
is an algebrai homomorphism suh that the ber of a point (A,C) is empty if and
only if (A,C) = (0, N) and is an ane spae otherwise. It thus follows that
XQ,yM X
Q,y
N = X
Q,y
B + y
dimN
and the proposition is proved. 
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2.2. Adding oeients to luster haraters. We now prove that in order
to ompute luster haraters with oeients assoiated to a quiver Q, it sues
to ompute luster haraters without oeients for a ertain Q̂ obtained from
the quiver Q. More preisely let Q = (Q0, Q1) be an ayli quiver, we denote by
Q̂ = (Q̂0, Q̂1) the ayli quiver with vertex set onsisting of two opies of Q0. The
rst opy is identied with Q0 and the seond opy is denoted by
Q′0 = {σ(v)|v ∈ Q0}
where σ is a xed bijetion Q0−→Q′0. For any v 6= w ∈ Q̂0, if v, w ∈ Q0, the arrows
from v to w in Q̂1 are given by the arrows from v to w in Q1, otherwise there are
only arrows v−→σ(v) in Q̂1 where v runs over Q0. In partiular, we an identify
Q1 with a subset of Q̂1. The quiver Q̂ is alled the framed quiver assoiated Q.
By onstrution, the framed quiver of an ayli quiver is itself ayli. Note that
framed quiver are familiar objets in the ontext of quiver varieties (see e.g.[Nak96℄).
Given an ayli quiver R = (R0, R1) we denote by B(R) the inidene matrix
of R. That is the skew-symmetri matrix (bij) ∈ MR0(Z) whose entries are given
by
bij = | {α : i−→ j ∈ R1} | − | {α : j−→ i ∈ R1} |
for any i, j ∈ R0.
We thus have
B(Q̂) =
[
B(Q) I
−I 0
]
.
The ategory kQ-mod an be anonially identied with a subategory of kQ̂-
mod. We denote by ι : kQ-mod−→ kQ̂-mod the orresponding embedding, realizing
kQ-mod as a full, exat, extension-losed subategory of kQ̂-mod. Dimension ve-
tors indue bijetions K0(kQ-mod) ≃ ZQ0 and K0(kQ̂-mod) ≃ Z
bQ0
. Identifying
ZQ0 with ZQ0 × {0} ⊂ ZQ0 × ZQ
′
0 ≃ Z
bQ0
we an identify K0(kQ-mod) with a
subgroup of K0(kQ̂-mod).
Let A(Q̂,u) be the oeient-free luster algebra with initial seed (Q̂,u) where
u =
{
ui|i ∈ Q̂0
}
. Aording to the Laurent phenomenon, it is a subring of the ring
Z[u±1] of Laurent polynomials in u. We denote by X
bQ
? : Ob(C bQ)−→Z[u
±1] the
Caldero-Chapoton map on C bQ. For any kQ̂-module M , the value of the Caldero-
Chapoton map at M is thus given by :
X
bQ
M =
∑
e∈N bQ0
χ(Gr
e
(M))
∏
i∈ bQ0
u
−〈e,αi〉−〈αi,dimM−e〉
i
where 〈−,−〉 denotes the Euler form on kQ̂-mod.
We onsider the homomorphism of Z-algebras
π :

Z[u±1] −→ Z[y±1,x±1]
ui 7→ xi if i ∈ Q0,
uj 7→ yi if j = σ(i) ∈ Q′0.
Lemma 2.3. For any kQ-module M , we have
XQ,yM = π
(
X
bQ
ι(M)
)
.
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Proof. Let M be a kQ-module whih we onsider as a representation of Q. For
any i ∈ Q0, we denote by M(i) the orresponding k-vetor spae at vertex i and
for any α : i−→ j ∈ Q1, we denote by M(α) : M(i)−→M(j) the orresponding
k-linear map. Thus, ι(M) an be identied with the representation of Q̂ given
by ι(M)(i) = M(i) if i ∈ Q0, ι(M)(i) = 0 if i ∈ Q′0 and ι(M)(α) = M(α) if
α ∈ Q1, ι(M)(α) = 0 if α 6∈ Q1. In partiular, dim ι(M) = dimM . Moreover,
Gr
e
(ι(M)) = ∅ if e 6∈ NQ0 and ι indues an isomorphism Gr
e
(M) ≃ Gr
e
(ι(M))
otherwise.
Note also that for any i ∈ Q′0, j ∈ Q0, we have 〈αi, αj〉 = 0,
〈αj , αi〉 =
{
−1 if j = σ−1(i),
0 otherwise,
and for any i, j ∈ Q0, the form 〈αi, αj〉 is the same omputed in kQ-mod and
kQ̂-mod.
We thus have :
X
bQ
M =
∑
e∈ bQ0
χ(Gr
e
(ι(M)))
∏
i∈ bQ0
u
−〈e,αi〉−〈αi,dim ι(M)−e〉
i
=
∑
e∈NQ0
χ(Gr
e
(M))
∏
i∈Q0
u
−〈e,αi〉−〈αi,dimM−e〉
i
∏
i∈Q′0
u
−〈e,αi〉−〈αi,dim ι(M)−e〉
i
=
∑
e∈NQ0
χ(Gr
e
(M))
∏
i∈Q0
u
−〈e,αi〉−〈αi,dimM−e〉
i
∏
i∈Q′0
u
−〈e,αi〉
i
=
∑
e∈NQ0
χ(Gr
e
(M))
∏
i∈Q0
u
−〈e,αi〉−〈αi,dimM−e〉
i
∏
i∈Q′0
u
e
σ−1(i)
i
Applying π, we thus get
π(X
bQ
M ) =
∑
e∈NQ0
χ(Gr
e
(M))
∏
i∈Q0
x
−〈e,αi〉−〈αi,dimM−e〉
i
∏
i∈Q′0
yeii
= XQ,yM
and the lemma is proved. 
Remark 2.4. In [FK07℄, the authors gave a slightly dierent denition of the
luster haraters with oeients than the one we use here. We now prove that
the denition we give in this paper is ompatible with their denition.
Let Q be an ayli quiver, Q̂ the orresponding framed quiver and Q˜ = Q̂op .
Let mod-kQ˜ be the ategory of nite dimensional right modules over kQ˜ onsidered
in [FK07℄. This ategory is equivalent to the ategory kQ̂-mod of nite dimensional
left-modules over the path algebra of Q̂. It thus follows from [FK07℄ that the luster
ategory CQ is equivalent to the ategory ⊥(Σ(kQ̂/kQ))/(kQ̂/kQ) where Σ denotes
the shift funtor in C bQ and where
⊥(Σ(kQ̂/kQ)) denotes the full subategory on-
sisting of objetsM in C bQ suh that Ext
1
C bQ
(M,Pi) = 0 for any i ∈ Q
′
0. Thus objets
in CQ an be identied with objets M in C bQ suh that Ext
1
C bQ
(M,Pi) = 0 for any
i ∈ Q′0 and suh that M 6≃ Pi for any i ∈ Q
′
0.
Given an objetM in CQ, the luster harater X ′M ∈ Z[y,x
±1] assoiated to M
by Fu and Keller is dened as follows. Using the above equivalene of ategories,M
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is viewed as an objet in
⊥(Σ(kQ̂/kQ))/(kQ̂/kQ) and the haraterX ′M is π(X
k bQ
ΣM )
where Xk
bQ
? : Ob(C bQ)−→Z[u
±1] is the luster harater on C bQ assoiated by Palu
to the luster-tilting objet kQ̂ in C bQ (see [Pal08℄ for details).
Fix thus an indeomposable objet M in ⊥(Σ(kQ̂/kQ))/(kQ̂/kQ). If M is not
a projetive kQ̂-module, then ΣM is a kQ̂-module and
0 = HomC bQ(Pi,ΣM) = Homk bQ(Pi,ΣM) = dimM(i)
for any i ∈ Q′0 so that ΣM an be viewed as a representation of Q. In partiular,
there is some kQ-module M0 suh that Σ(M) = ι(M0). Thus, we get equalities
X ′M = π(X
k bQ
ΣM ) = π(X
bQ
ΣM ) = X
Q,y
ι(M0)
where the seond equality follows from [Pal08, Setion 5℄ and the last equality
follows from Lemma 2.3. If M is a projetive module Pj for some j ∈ Q0, then
X ′M = π(X
k bQ
ΣPj
) = π(uj) = xj = X
Q,y
Pj [1]
.
Conversely, for any objetM in kQ-mod, ι(M) is an objet in kQ̂-mod suh that
0 = Homk bQ(Pi, ι(M)) = HomC bQ(Pi, ι(M)) for any i ∈ Q
′
0
so that Σ−1ι(M) belongs to ⊥(Σ(kQ̂/kQ))/(kQ̂/kQ). Thus,
XQ,yM = π(X
bQ
ι(M)) = π(X
k bQ
ι(M)) = X
′
Σ−1ι(M)
where the rst equality follows from Lemma 2.3 and the seond follows from [Pal08,
Setion 5℄. Thus, luster haraters with oeients we dened oinide with those
previously introdued by Fu and Keller. In partiular, the luster variables in
A(Q,x,y) are preisely the haratersXQ,yM whenM runs over the indeomposable
rigid objets in CQ [FK07℄.
3. Charaters with oeffiients in Dynkin type A
Let r ≥ 1 be an integer and A denote the quiver of type
−→
A r, that is, of Dynkin
type Ar equipped with the following orientation :
0 1oo 2oo · · ·oo r − 1.oo
For any i ∈ [0, r−1], n ∈ [1, r−i], we denote by S
(n)
i the unique (up to isomorphism)
indeomposable kA-module with sole Si and length n. By onvention, for any
i ∈ [0, r − 1], S
(0)
i denotes the zero module. For simpliity, we denote by i + r the
vertex σ(i) ∈ A′0 for any i ∈ [0, r − 1].
The following lemma is analogous to [Dup08a, Lemma 4.2.1℄ :
Lemma 3.1. For any i ∈ [0, r − 2] and n ∈ [1, r − 1− i], the following holds :
XA,y
S
(n)
i
XA,y
S
(n)
i+1
= XA,y
S
(n+1)
i
XA,y
S
(n−1)
i+1
+ ydimS
(n)
i+1 .
Proof. For any i ∈ [0, r− 2] and n ∈ [1, r− 1− i], there is an almost split sequene
0−→S
(n)
i −→S
(n+1)
i ⊕ S
(n−1)
i+1 −→S
(n)
i+1−→ 0.
The lemma is thus a diret onsequene of Proposition 2.2. 
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We now prove a relation analogous to three terms reurrene relations in the
ontext of orthogonal polynomials. This relation will be essential in order to extrat
quantized Chebyshev polynomials.
Lemma 3.2. For any i ∈ [0, r − 2] and n ∈ [1, r − 1− i], we have
XA,y
S
(n)
i
XA,ySi+n = X
A,y
S
(n+1)
i
+ yi+nX
A,y
S
(n−1)
i
.
Proof. Let i ∈ [0, r− 2] and n ∈ [1, r− 1− i]. We onsider the indeomposable kÂ-
modules ι(S
(n)
i ) and ι(Si+n) in the luster ategory C bA. We thus have isomorphisms
of vetor spaes (see [BMR
+
06℄) :
Ext1C bA(ι(Si+n), ι(S
(n)
i )) ≃ Ext
1
k bA(ι(Si+n), ι(S
(n)
i ))⊕ Ext
1
k bA(ι(S
(n)
i ), ι(Si+n))
≃ Ext1kA(Si+n, S
(n)
i )⊕ Ext
1
kA(S
(n)
i , Si+n)
≃ Ext1kA(Si+n, S
(n)
i )
≃ HomkA(S
(n)
i , Si+n−1)
≃ k
So we an apply Caldero-Keller's one-dimensional multipliation formula for luster
haraters without oeients [CK06℄ to ι(Si+n) and ι(S
(n)
i ) in C bA. We get :
X
bA
ι(Si+n)
X
bA
ι(S
(n)
i )
= X
bA
ι(S
(n+1)
i )
+X
bA
B
where B = ker fˆ ⊕ coker fˆ [−1] bA for any 0 6= fˆ ∈ Homk bA(ι(S
(n)
i ), τ bA(ι(Si+n−1))) ≃
k.
We now have to ompute Homk bA(ι(S
(n)
i ), τ bA(ι(Si+n−1))). For this, we rst
ompute τ bA(ι(Si+n−1)) taking are of the fat that ι does not ommute with the
Auslander-Reiten translation.
In order to x notations, we draw Â as follows :
r r + 1 · · · 2r − 2 2r − 1
0
OO
1oo
OO
· · ·oo r − 2oo
OO
r − 1oo
OO
We ompute that a projetive resolution of Si+n−1 is given by
Pi+n−1 ⊕ Pi+n+r
f
−→ Pi+n−→Si+n−→ 0.
Applying the Nakayama funtor ν we get
Ii+n−1 ⊕ Ii+n+r
ν(f)
−−−→ Ii+n
where ν(f) is surjetive sine Ii+n−1−→ Ii+n is onto. It follows from [Gab80℄ that
τk bA(ι(Si+n)) ≃ ker ν(f) and thus ker ν(f) is the representation given by
0 · · · 0 0 k 0 · · · 0
0
OO
· · ·oo 0oo
OO
koo
OO
koo
OO
koo
OO
· · ·oo koo
OO
i+ n− 1
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where the arrows are obviously zero or identity maps.
Sine ι(S
(n)
i ) is the representation given by
0 · · · 0 0 · · · 0 0 · · · 0
0
OO
· · ·oo 0
OO
oo koo
OO
· · ·oo koo
OO
0oo
OO
· · ·oo 0oo
OO
i i+ n− 1
we get that for any non-zero morphism fˆ , the kernel ker fˆ is given by
0 · · · 0 0 · · · 0 0 · · · 0
0
OO
· · ·oo 0
OO
oo koo
OO
· · ·oo koo
OO
0oo
OO
· · ·oo 0oo
OO
i i+ n− 2
whih is isomorphi to ι(S
(n−1)
i ) and coker fˆ is
0 · · · 0 k 0 · · · 0 · · · 0
0
OO
· · ·oo 0
OO
oo koo
OO
koo
OO
· · ·oo koo
OO
· · ·oo koo
OO
i+ n
whih is isomorphi to the injetive kÂ-module Ii+n+r. It thus follows that
B ≃ ι(S
(n−1)
i )⊕ Pi+n+r [1]
and
X
bA
B = X
bA
ι(S
(n−1)
i )
ui+n+r.
Thus,
X
bA
ι(Si+n)
X
bA
ι(S
(n)
i )
= X
bA
ι(S
(n+1)
i )
+ ui+n+rX
bA
ι(S
(n−1)
i )
.
Applying the homomorphism π of Lemma 2.3 to this identity, we get
XA,ySi+nX
A,y
S
(n)
i
= XA,y
S
(n+1)
i
+ yi+nX
A,y
S
(n−1)
i
and the lemma is proved. 
Lemma 3.3. Let A be a quiver of type
−→
A r with r even. Then the set{
XA,ySi |i ∈ [0, r − 1]
}
is algebraially independent over Z[y].
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Proof. Denote by B the inidene matrix of A. As r is even, B is of full rank
and thus there exists a Z-linear form ǫ on ZQ0 suh that ǫ(Bαi) < 0 for every
i ∈ [0, r − 1]. It thus follows from [CK08℄ that
Fn =
 ⊕
ǫ(ν)≤n
Z
∏
i∈Q0
xνii
 ∩ Z[XASi |i ∈ [0, r − 1]]
denes a ltration on Z[XASi |i ∈ [0, r − 1] and in the assoiated graded algebra, we
have
gr(XAM ) = gr
r−1∏
i=0
x
−〈Si,M〉
i
for every kA-module M . We now onsider the grading on Z[XA,ySi |i ∈ [0, r − 1]]
given the grading on Z[XASi |i ∈ [0, r−1]] and deg(yi) = 0 for every i ∈ Q0. We thus
have that
gr(XA,yM ) = gr
r−1∏
i=0
x
−〈Si,M〉
i
and thus, sine (〈Si,M〉)i=0...r−1 6= (〈Si, N〉)i=0...r−1 if dimM 6= dimN , it follows
that any nite set
{
XA,yMi |i ∈ J
}
with dimMi 6= dimMj is linearly independent
over Z[y].
Now assume that there is a polynomial P (t) =
∑
ν∈N[0,r−1] aνt
ν0
0 · · · t
νr−1
r−1 suh
that
P (XA,yS0 , . . . , X
A,y
Sr−1
) = 0.
Sine (XA,yS0 )
ν0 · · · (XA,ySr−1)
νr−1 = XA,yLr−1
i=0 S
⊕νi
i
, and dim
(⊕r−1
i=0 S
⊕νi
i
)
= ν, we
get a vanishing Z[y]-linear ombination of XA,yMν where ν runs over a nite subset
of N[0,r−1]. Sine dimMν = ν, it follows from the above disussion that eah of
the aν is zero and thus the set
{
XA,ySi |i ∈ [0, r − 1]
}
is algebraially independent
over Z[y]. 
4. Quantized Chebyshev polynomials
4.1. Quantized Chebyshev polynomials of innite rank. Let q = {qi|i ∈ Z}
be a family of indeterminates over Z and {xi,1|i ∈ Z} be a family of indeterminates
over Z[q]. We dene by indution a family
{xi,n|i ∈ Z, n ≥ 1} ⊂ Q(q)(xi,1|i ∈ Z)
by
xi,nxi+1,n = xi,n+1xi+1,n−1 +
n∏
k=1
qi+k
with the onvention that xi,0 = 1 for all i ∈ Z. For simpliity if I = [i, j] ⊂ Z is an
interval, we write
xI = (xi,1, . . . , xj,1) and qI = (qi, . . . , qj).
It follows diretly from the denition that for every n, there exists a rational fun-
tion Pn suh that
xi,n = Pn(q[i,i+n−1],x[i,i+n−1]).
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Proposition 4.1. For every i ∈ Z and n ≥ 1, Pn is the polynomial given by
Pn(q[i,i+n−1],x[i,i+n−1]) = det

xi+n−1,1 1 (0)
qi+n−1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1
(0) qi+1 xi,1

.
Proof. Let i ∈ Z and n ≥ 1, x an even integer r > i + n. Let A still denote
the quiver of setion 3 and denote by XA,y? the assoiated luster harater with
oeients. Consider the homomorphism of Z-algebras :
φ :

Z[XA,ySi |i ∈ [0, r − 1]] −→ Z[q][x[i,i+n−1]]
yi 7→ qi for all i ∈ [0, r − 1]
XA,ySi 7→ xi,1 for all i ∈ [0, r − 1]
By Lemma 3.3, φ is an isomorphism. By Lemma 3.1, for any j ∈ [i, i+ n− 1] and
k < n− i we have
XA,y
S
(k)
j
XA,y
S
(k)
j+1
= XA,y
S
(k+1)
j
XA,y
S
(k−1)
j+1
+ ydimS
(k)
j+1
and y
dimS
(k)
j+1 =
∏k
l=1 yj+l. Sine the xj,k for 1 ≤ k ≤ n are obtained by
xj,kxj+1,k = xj,k+1xj+1,k−1 +
k∏
l=1
qj+l
an immediate indution proves that
φ(XA,y
S
(k)
j
) = xj,k
for any j ∈ [i, i+ n− 1] and k < n− i. In partiular, by Lemma 3.2 that
XA,y
S
(n)
i
XA,ySi+n = X
A,y
S
(n+1)
i
+ yi+nX
A,y
S
(n−1)
i
and thus applying φ we get
xi,nxi+n,1 = xi,n+1 + qi+nxi,n−1
and thus by indution
xi,n = det

xi+n−1,1 1 (0)
qi+n−1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1
(0) qi+1 xi,1

is a polynomial in Z[q[i,i+n−1],x[i,i+n−1]] and the proposition is proved. 
As an immediate orollary, quantized Chebyshev polynomials are haraterized
by the following three-terms reurrene relation :
Corollary 4.2. For any n ≥ 2, the following equality holds :
Pn+1(q[i,i+n],x[i,i+n]) = xi+nPn(q[i,i+n−1],x[i,i+n−1])−qi+nPn−1(q[i,i+n−2],x[i,i+n−2])
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Denition 4.3. For any n ≥ 1, Pn is alled the n-th quantized Chebyshev polyno-
mial of innite rank. By onvention P0 = 1.
Example 4.4. The rst quantized Chebyshev polynomials of innite rank are :
P1(q0, t0) = t0
P2(q[0,1], t[0,1]) = t0t1 − q1
P3(q[0,2], t[0,2]) = t0t1t2 − q2t0 − q1t2
P4(q[0,3], t[0,3]) = t0t1t2t3 − q3t0t1 − q1t2t3 − q2t0t3 + q1q3
P5(q[0,4], t[0,4]) = t0t1t2t3t4 − q1t2t3t4 − q2t0t3t4 − q4t0t1t2
−q3t0t1t4 + q1q4t2 + q2q4t0 + q1q3t4
We now prove Theorem 3.
Corollary 4.5. Let r ≥ 1 be an integer and A be the quiver of type
−→
A r equipped
with the following orientation
0 1oo 2oo · · ·oo r − 1.oo
Then, for any i ∈ [0, r − 1] and n ∈ [1, r − i], we have
XA,y
S
(n)
i
= Pn(yi, . . . , yi+n−1, X
A,y
Si
, . . . , XA,ySi+n−1)
or equivalently
XA,y
S
(n)
i
= det

XA,ySi+n−1 1 (0)
yi+n−1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1
(0) yi+1 X
A,y
Si

.
Proof. Consider the epimorphism of Z-algebras
π :

Z[qi, xi,1|i ∈ Z] −→ Z[yi, X
A,y
Si
|i ∈ [0, r − 1]]
xi,1 7→ XSi for i ∈ [0, r − 1]
xi,1 7→ 1 for i 6∈ [0, r − 1]
qi 7→ yi for i ∈ [0, r − 1]
qi 7→ 1 for i 6∈ [0, r − 1]
By Lemma 3.2, for any i ∈ [0, r − 1] and n ∈ [1, r − 1− i], we have
XA,y
S
(n)
i
XA,ySi+n = X
A,y
S
(n+1)
i
+ yi+nX
A,y
S
(n−1)
i
so that π(xi,n) = XS(n)i
for any i ∈ [0, r − 1] and n ∈ [1, r − i]. The result thus
follows from Proposition 4.1. 
4.2. Quantized Chebyshev polynomials of nite ranks. Fix now an integer
p ≥ 1 and onsider the n-th quantized Chebyshev polynomial of rank p Pn,p dened
in the introdution.
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Example 4.6. The rst ve quantized Chebyshev polynomials of rank 1 are
P1,1(q, t) = t
P2,1(q, t) = t
2 − q
P3,1(q, t) = t
3 − 2qt
P4,1(q, t) = t
4 − 3qt2 + q2
P5,1(q, t) = t
5 − 4qt3 + 3q2t
The rst ve quantized Chebyshev polynomials of rank 2 are
P1,2(q0, q1, t0, t1) = t0
P2,2(q0, q1, t0, t1) = t0t1 − q1
P3,2(q0, q1, t0, t1) = t
2
0t1 − q0t0 − q1t0
P4,2(q0, q1, t0, t1) = t
2
0t
2
1 − q1t0t1 − q1t0t1 − q2t0t1 + q
2
1
P5,2(q0, q1, t0, t1) = t
3
0t
2
1 − 2q1t
2
0t1 − 2q0t
2
0t1 + q0q1t0 + q
2
0t0 + q
2
1t0
The rst ve quantized Chebyshev polynomials of rank 3 are
P1,3(q[0,2], t[0,2]) = t0
P2,3(q[0,2], t[0,2]) = t0t1 − q1
P3,3(q[0,2], t[0,2]) = t0t1t2 − q2t0 − q1t2
P4,3(q[0,2], t[0,2]) = t
2
0t1t2 − q1t0t2 − q0t0t1 − q2t
2
0 + q0q1
P5,3(q[0,2], t[0,2]) = t
2
0t
2
1t2 − 2q1t0t1t2 − q2t
2
0t1 + q
2
1t2 − q0t0t
2
1 + q1q2t0 + q0q1t1
The rst ve quantized Chebyshev polynomials of rank 4 are
P1,4(q[0,3], t[0,3]) = t0
P2,4(q[0,3], t[0,3]) = t0t1 − q1
P3,4(q[0,3], t[0,3]) = t0t1t2 − q2t0 − q1t2
P4,4(q[0,3], t[0,3]) = t0t1t2t3 − q3t0t1 − q1t2t3 − q2t0t3 + q1q3
P5,4(q[0,3], t[0,3]) = t
2
0t1t2t3 − q1t0t2t3 − q2t
2
0t3 − q0t0t1t2
−q3t
2
0t1 + q0q1t2 + q0q2t0 + q1q3t0
The rst ve quantized Chebyshev polynomials of rank p ≥ 5 oinide with the
rst ve quantized Chebyshev polynomials of innite rank.
Note that quantized Chebyshev polynomials are deformations of generalized
Chebyshev polynomials introdued in [Dup08b℄, more preisely we have the fol-
lowing relation :
Lemma 4.7. For any p ∈ Z>0 ⊔ {∞}, the n-th generalized Chebyshev polynomial
of rank p oinides with the n-th quantized Chebyshev polynomial of rank p where
all the qi's are speialized at 1.
Proof. We reall the onstrution of generalized Chebyshev polynomials given in
[Dup08b℄. Fix p ≥ 0 an integer and set {ai,1|i ∈ Z/pZ} a family of indeterminates
over Z. Then the n-th Chebyshev polynomial of rank p (resp. innite rank) if p > 0
(resp. p = 0) is the expression of ai,n in terms of {ai,1|i ∈ Z/pZ} where the ai,n for
n ≥ 1 are dened indutively by
ai,nai+1,n = ai,n+1ai+1,n−1 + 1.
It thus follows from the denition that, speializing all the qi's at 1, the n-th gen-
eralized Chebyshev polynomial of rank p (resp. innite rank) is the speialization
of the n-th quantized Chebyshev polynomial of rank p (resp. innite rank). 
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It is proved in [Dup08b℄ that for every n ≥ 1, the n-th generalized Chebyshev
polynomial of rank 1 is the usual n-th normalized Chebyshev polynomial of the
seond kind. It thus follows from Lemma 4.7 that the n-th quantized Chebyshev
polynomial of rank 1 speialized at qi = 1 for every i ∈ Z is the n-th normalized
Chebyshev polynomial of the seond kind. This ase being of partiular interest in
the sequel, we set the following denition :
Denition 4.8. The n-th quantized Chebyshev polynomial of rank 1 is alled the
n-th quantized Chebyshev polynomial of the seond kind.
5. Quantized Chebyshev polynomials and haraters for regular
modules
As we already saw in Theorem 3, quantized Chebyshev polynomials appear in
harater formulas with oeients assoiated to indeomposable modules over
the path algebra of an equioriented quiver of Dynkin type A. In this setion, we
prove that these polynomials also arise in harater formulas with oeients for
indeomposable regular modules over the path algebra of an ayli quiver of innite
representation type.
Let Q be an ayli quiver of innite representation type, denote by R a regular
omponent in the Auslander-Reiten quiver Γ(kQ) of kQ-mod. Let p ≥ 0 suh that
R is is of the form ZA∞/(p). If Q is ane, then p ≥ 1 and R is alled a tube
[Rin84, Setion 3.6℄. If p = 1, R is alled homogeneous and if p > 1, R is alled
exeptional. If Q is wild, then p = 0 [Rin78℄.
We denote by {Ri, i ∈ Z/pZ} the set of quasi-simple modules in R ordered suh
that τRi ≃ Ri−1 for every i ∈ Z/pZ. For any i ∈ Z/pZ and n ≥ 1, we denote
by R
(n)
i the unique indeomposable kQ-module with quasi-length n and quasi-sole
Ri. By onvention, R
(0)
i denotes the zero module for every i ∈ Z/pZ. With these
notations, for any n ≥ 1 and any i ∈ Z/pZ, there is an almost split exat sequene
(5.3) 0−→R
(n)
i −→R
(n+1)
i ⊕R
(n−1)
i+1 −→R
(n)
i+1−→ 0.
Loally, a regular omponent an be depited as in Figure 1.
We are now able to prove Theorem 2.
Theorem 5.1. Let Q be a quiver of innite representation type, XQ,y? be the luster
harater with oeients on kQ-mod. Let R be a regular omponent in Γ(kQ) of
the form ZA∞/(p) for some p ≥ 0. Let {Ri|i ∈ Z/pZ} denote the quasi-simples of
R ordered suh that τRi ≃ Ri−1 for every i ∈ Z/pZ. Then, for every i ∈ Z/pZ and
any n ≥ 1, we have;
XQ,y
R
(n)
i
= Pn(y
dimRi , . . . ,ydimRi+n−1 , XQ,yRi , . . . , X
Q,y
Ri+n−1
).
Moreover, if p ≥ 1, then
XQ,y
R
(n)
i
= Pn,p(y
dimRi , . . . ,ydimRi+p−1 , XQ,yRi , . . . , X
Q,y
Ri+p−1
).
Proof. We onsider the Z-families q = {qi|i ∈ Z} and {xi,1|i ∈ Z}. Dene φ to be
the homomorphism of Z-algebras
φ :

Z[qi|i ∈ Z][xi,1|i ∈ Z] −→ Z[y][x±1]
qi −→ y
dimRi
xi,1 −→ X
Q,y
Ri
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Figure 1. Loal onguration in a regular omponent of Γ(kQ)
where the indies on the right hand side are taken in Z/pZ. We laim that φ(xi,n) =
XQ,y
R
(n)
i
for every i and n ≥ 0. If n = 0, 1, the result holds by denition of φ.
Now, assume that n ≥ 1, it follows from the almost split exat sequene (5.3) and
Proposition 2.2 that for any i ∈ Z/pZ we have
XQ,y
R
(n)
i
XQ,y
R
(n)
i+1
= XQ,y
R
(n+1)
i
XQ,y
R
(n−1)
i+1
+ ydimR
(n)
i+1
so that applying φ we get
φ(xi,n+1) = X
Q,y
R
(n+1)
i
for every i ∈ Z. This proves the laim. Thus for every i ∈ Z/pZ and every n ≥ 1,
we have
XQ,y
R
(n)
i
= φ(xi,n)
= φ(Pn(qi, . . . , qi+p−1, xi,1, . . . , xi+n−1))
= Pn(y
dimRi , . . . ,ydimRi+n−1 , XQ,yRi , . . . , X
Q,y
Ri+n−1
)
whih proves the rst assertion. For the seond one, assume that p ≥ 1, then
XRi+p = XRi and dimRi+p = dimRi for every i ∈ Z. It thus follows from the
denition of Pn,p that
XQ,y
R
(n)
i
= Pn,p(y
dimRi , . . . ,ydimRi+p−1 , XQ,yRi , . . . , X
Q,y
Ri+p−1
)
and the theorem is proved. 
By expanding with respet to the rst olumn in the determinantal expression
of Pn, we prove the following immediate orollary :
Corollary 5.2. With notations of Theorem 5.1 we have
XQ,y
R
(n)
i
XQ,yRi+n = X
Q,y
R
(n+1)
i
+ ydimRi+nXQ,y
R
(n−1)
i
.
for any n ≥ 1 and i ∈ Z/pZ.
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Example 5.3. We onsider the following quiver of type A˜2,1 :
2
=
==
==
==
=
Q : 1 //
@@
3
Cluster algebras with oeients assoiated to this quiver are extensively studied in
[Cer09℄. This example atually motivated the introdution of quantized Chebyshev
polynomials.
Q is an ane quiver. All but one regular omponents of Γ(kQ) are homogeneous
tubes, we denote by T0 the unique exeptional tube in Γ(kQ). The quasi-simple
modules in T0 are
k
0
=
==
==
==
=
R0 ≃ S2 : 0 //
@@
0
and
0
=
==
==
==
R1 : k
1 //
0
@@
k
A diret omputation shows that
w(y) = XQ,yR0 =
x1 + y2x3
x2
and z(y) = XQ,yR1 =
x1x2 + y3 + y1y2y3x3
x1x3
,
w = XQR0 =
x1 + x3
x2
and z = XQR1 =
x1x2 + 1 + x3
x1x3
.
For any λ ∈ P1(k) \ {0}, we denote by Mλ the unique quasi-simple module in
Tλ. It is given by
k
1
=
==
==
==
Mλ : k
1 //
λ
@@
k
if λ 6=∞ and
k
1
=
==
==
==
M∞ : k
0 //
1
@@
k
A diret hek proves that XQ,yMλ and X
Q
Mλ
do not depend on the hoie of λ ∈
P1(k) \ {0}. We set
u(y) = XQ,yMλ =
x21x2 + y3x1 + y2y3x3 + y1y2y3x2x
2
3
x1x2x3
,
u = XQMλ =
x21x2 + x1 + x3 + x2x
2
3
x1x2x3
for any λ ∈ P1(k) \ {0}.
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A diret omputation proves that
XQ,y
R
(2)
0
=
x21x2 + y3x1 + y2x1x2x3 + y2y3x3 + y1y2y3x2x
2
3
x1x2x3
and we easily hek that
XQ,y
R
(2)
0
= XQ,yR0 X
Q,y
R1
− y1y3
= P2,2(y
dimR0 ,ydimR1 , XQ,yR0 , X
Q,y
R1
)
= P2,2(y2, y1y3, w(y), z(y)).
Similarly, a diret omputation of the luster harater proves that
XQ,y
R
(3)
0
=
1
x1x22x3
(
x31x2 + y2x
2
1x2x3 + y3x
2
1 + 2y2y3x1x3+
+ y1y2y3x1x2x
2
3 + y
2
2y3x
2
3 + y1y
2
2y3x2x
3
3
)
and one veries that
XQ,y
R
(3)
0
= XQ,yR1 (X
Q,y
R0
)2 + y1y3X
Q,y
R0
+ y2X
Q,y
R0
= XQ,yR1 (X
Q,y
R0
)2 + ydimR1XQ,yR0 + y
dimR2XQ,yR0
= P3,2(y
dimR0 ,ydimR1 , XQ,yR0 , X
Q,y
R1
)
= P3,2(y2, y1y3, w(y), z(y)).
In homogeneous tubes, we an also ompute the luster harater
XQ,y
M
(2)
λ
=
1
x21x
2
2x
2
3
(
x41x
2
2 + 2y3x
3
1x2 + y
2
3x
2
1 + 2y2y3x
2
1x2x3 + 2y2y
2
3x3x1
+ y22y
2
3x
2
3 + y1y2y3x
2
1x
2
2x
2
3 + 2y1y
2
2y
2
3x2x
3
3 + 2y1y2y
2
3x1x2x
2
3 + y
2
1y
2
2y
2
3x
2
2x
4
3
)
= (XQ,yMλ )
2 − ydimMλ
= (XQ,yMλ )
2 − yδ
= P2,1(y
δ, XQ,yMλ )
illustrating Theorem 5.1.
6. Quantized Chebyshev polynomials of the first and seond kinds
Normalized Chebyshev polynomials of the rst kind initially appeared in the
ontext of luster algebras in [SZ04℄. They were introdued in order to study
anonially positive bases in rank two luster algebras. These polynomials are
dened by three terms reurrene relations. Let x be an indeterminate over Z, then
Fn is the polynomial in one variable dened by
F0(x) = 1, F1(x) = x, F2(x) = x
2 − 2 and
Fn+1(x) = Fn(x)F1(x) − Fn−1(x), for n ≥ 2.
It is easy to hek that these polynomials are haraterized by
Fn(x+ x
−1) = xn + x−n
for every n ≥ 1.
QUANTIZED CHEBYSHEV POLYNOMIALS 21
Normalized Chebyshev polynomials of the seond kind appeared in [CZ06℄ in
order to study bases in the luster algebra assoiated to the Kroneker quiver.
These polynomials are dened be the following three terms reurrene relation. Let
x be an indeterminate over Z, then Sn is the polynomial in one variable dened by
S0(x) = 1, S1(x) = x, S2(x) = x
2 − 1 and
Sn+1(x) = Sn(x)S1(x)− Sn−1(x), for n ≥ 2.
It is easy to hek that these polynomials are haraterized by
Sn(x+ x
−1) =
n∑
k=0
xn−2k
for every n ≥ 1.
In partiular, it appears that normalized Chebyshev polynomials of the rst and
seond kind satisfy the same reurrene relations but seond terms dier. We now
prove that there is a similar phenomenon for quantized Chebyshev polynomials.
We dene the quantized Chebyshev polynomials of the rst kind as follows. Let ν
be an indeterminate over Z, q = ν2 and x be an indeterminate over Z[q].
Denition 6.1. The n-th quantized Chebyshev polynomial of the rst kind is the
polynomial F qn(x) ∈ Z[q][x] dened by
F q0 (x) = 1, F
q
1 (x) = x, F
q
2 (x) = x
2 − 2q and
F qn+1(x) = F
q
n(x)F
q
1 (x)− qF
q
n−1(x) for n ≥ 2.
Example 6.2. The rst ve quantized Chebyshev polynomials of the rst kind are
given by
F q1 (x) = x
F q2 (x) = x
2 − 2q
F q3 (x) = x
3 − 3qx
F q4 (x) = x
4 − 4qx2 + 2q2
F q5 (x) = x
5 − 5qx3 + 5q2x
From now on, we will denote by Sqn(x) = Pn,1(q, x) the n-th quantized Chebyshev
polynomial of the seond kind introdued in denition 4.8. It follows from Corollary
4.2 that these polynomials are haraterized by
Sq0(x) = 1, S
q
1(x) = x, S
q
2(x) = x
2 − q and
Sqn+1(x) = S
q
n(x)S
q
1(x) − qS
q
n−1(x) for n ≥ 2.
Thus, as in the non-quantized ase, rst kind and seond kind quantized Chebyshev
polynomials satisfy the same indution relations but seond terms dier.
As in the non-quantized ase, we now give algebrai haraterizations of quan-
tized Chebyshev polynomials of rst and seond kinds.
Lemma 6.3. Let t be an indeterminate over Z[q], then for any n ≥ 1, we have
(1)
F qn(ν(t+ t
−1)) = νn(tn + t−n),
(2)
Sqn(ν(t+ t
−1)) = νn
n∑
k=0
tn−2k.
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Proof. We rst prove the property for quantized Chebyshev polynomials of the rst
kind. We prove it by indution on n. The property holds for n = 1. We have :
F qn+1(νt+ νt
−1) = F qn(νt+ νt
−1)F q1 (νt+ νt
−1)− qF qn−1(νt+ νt
−1)
= (νntn + νnt−n)(νt+ νt−1)− ν2(νn−1tn−1 + νn−1t1−n)
= νn+1tn+1 + νn+1t−(n+1).
Now for quantized Chebyshev polynomials of the seond kind we have :
Sqn+1(νt+ νt
−1) = Sqn(νt+ νt
−1)Sq1(νt+ νt
−1)− qSqn−1(νt+ νt
−1)
= νn(
n∑
k=0
tn−2k)(νt+ νt−1)− ν2νn−1(
n−1∑
k=0
tn−1−2k)
= νn(
n∑
k=0
tn−2k)(νt+ νt−1)− νn(
n−1∑
k=0
tn−2k)
= νn+1(
n+1∑
k=0
tn+1−2k).

As a orollary, we obtain :
Corollary 6.4. For any n ≥ 0, we have
Sqn(x) =
n∑
k=0
qkF qn−2k
with the onvention that Fi(x) = 0 if i < 0.
Proof. We have
Sn(ν(t+ t
−1)) = νn(
n∑
k=0
tn−2k)
If n is even, we have
νn(
n∑
k=0
tn−2k) = νn
1 + n/2−1∑
k=0
tn−2k + t2k−n

= νn +
n/2−1∑
k=0
ν2k(νn−2ktn−2k + νn−2kt2k−n)
= νn +
n/2−1∑
k=0
ν2k(νn−2ktn−2k + νn−2kt2k−n)
= νn +
n/2−1∑
k=0
qkFn−2k(ν(t+ t
−1))
=
n∑
k=0
qkFn−2k(ν(t+ t
−1))
where the last equality follows from the onvention that Fi = 0 for i < 0.
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If n is odd, we denote by [n/2] the integral oor of n/2. Then,
νn(
n∑
k=0
tn−2k) = νn
[n/2]∑
k=0
tn−2k + t2k−n
=
[n/2]∑
k=0
ν2k(νn−2ktn−2k + νn−2kt2k−n)
=
[n/2]∑
k=0
ν2k(νn−2ktn−2k + νn−2kt2k−n)
=
[n/2]∑
k=0
qkFn−2k(ν(t+ t
−1))
=
n∑
k=0
qkFn−2k(ν(t+ t
−1))
where the last equality follows from the onvention that Fi = 0 for i < 0. This
proves the orollary. 
Corollary 6.5. For any n ≥ 0, we have
F qn(x) = S
q
n(x) − qS
q
n−2(x).
7. Chebyshev polynomials and bases in affine luster algebras
In this setion, we study possible interations between Chebyshev polynomials
and bases in ane luster algebras. We rst study the ase of the Kroneker quiver
relying on [SZ04, CZ06℄. Then, we study the ase of a quiver of type A˜2,1 studied
in partiular in [Cer09℄. Finally we give onjetures for the general ane ase.
7.1. The Kroneker quiver. We onsider the Kroneker quiver :
K : 1
// // 2
We denote by A(K,x,y) the luster algebra with prinipal oeients at the initial
seed (K,x,y) where y = {y1, y2} and x = {x1, x2}. We simply denote by A(K)
the oeient-free luster algebra with initial seed (K,x).
K is an ane quiver and the regular omponents of Γ(kK) form a P1(k)-family
of homogeneous tubes. The minimal imaginary root of K is δ = α1 + α2. For any
λ ∈ P1(k), we denote by Tλ the tube orresponding to the parameter λ, by Mλ the
unique quasi-simple module in Tλ and for any n ≥ 1, by M
(n)
λ the indeomposable
module in Tλ with quasi-sole Mλ and quasi-length n. It follows from [CZ06℄ (see
also [Dup08℄) that XQMλ and X
Q,y
Mλ
do not depend on the hoie of the parameter
λ ∈ P1(k) and we denote by
u(y) = XQ,yMλ =
x21 + y1y2x
2
2 + y2
x1x2
u = XQMλ =
x21 + x
2
2 + 1
x1x2
these values.
The following theorems give bases in the oeient-free luster algebra A(K).
24 G. DUPONT
Theorem 7.1 ([CZ06℄). The set
C(K) = {luster monomials} ⊔ {Sn(u)|n ≥ 1}
is a Z-basis in A(K).
Theorem 7.2 ([SZ04℄). The set
B(K) = {luster monomials} ⊔ {Fn(u)|n ≥ 1}
is a anonially positive Z-basis in A(K).
In [SZ04, Theorem 6.3℄, the authors dened a anonially positive basis in the
luster algebra with universal oeients assoiated to the Kroneker quiver by
lifting the anonially positive basis in the oeient-free luster algebra A(K,x).
It is not lear at rst whereas this lifting still gives rise to quantized Chebyshev
polynomials. We prove that up to a normalization by oeients, this is still the
ase for prinipal oeients.
For rank two luster algebras, the desription of oeients used in [SZ04℄ is
the one introdued in [FZ02, Remark 2.5℄ whih we will briey reall here. Let
A(K,x,y) be the luster algebra with prinipal oeients at the initial seed
(K,x,y) and P = Trop (y). Then, P an be desribed as the free abelian group
generated by {qi|i ∈ Z} ⊔ {r0, r1} with respet to the relations
(7.4) rm−1rm+1 = qm−1qm+1r
2
m
where oeients in terms of y an be reovered from {ri, qi|i ∈ Z} (see [FZ07,
Remark 2.7℄). In partiular, we have the following equalities
(7.5) r1 = y2, r2 = 1, q1 = 1 and q2 = y1.
We now onsider the ompletion Pˆ = Q⊗ZP obtained by adjoining to P the roots
of all degrees from all the elements of P. We denote by Aˆ(K,x,y) the ZPˆ-algebra
obtained from Aˆ(K,x,y) by extension of salars. An element in Aˆ(K,x,y) is alled
positive if it an be written as a Laurent polynomial with oeients in Z>0Pˆ in
any luster of Aˆ(K,x,y). A ZPˆ-basis B of Aˆ(K,x,y) is alled anonially positive
if positive elements in Aˆ(K,x,y) are exatly Z>0Pˆ-linear ombinations of elements
of B. Suh a basis is unique up to normalization by elements of Pˆ.
Theorem 7.3. The set
By(K) = {luster monomials} ⊔
{
F y
δ
n (u(y))|n ≥ 1
}
is a anonially positive ZPˆ-basis in Aˆ(K,x,y).
Proof. Let A(K,x) be the oeient-free luster algebra with initial seed (K,x)
where x = {x1, x2}. We denote by xi, i ∈ Z the luster variables in the oeient-
free luster algebra A(K,x) given by xi−1xi+1 = x
2
i + 1 for any i ∈ Z.
Set
u =
x21 + x
2
2 + 1
x1x2
.
By Theorem 7.2, the anonially positive Z-basis of A(K,x) is given by
B(K) = {luster monomials} ⊔ {Fn(u)|n ≥ 1} .
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Sherman and Zelevinsky proved in [SZ04℄ that there exists a ZPˆ-linear isomor-
phism
ψ :
 A(K,x)⊗ ZPˆ −→ Aˆ(K,x,y)xm 7→ ( qmrm) 12 xm
In partiular, as ψ is an isomorphism of ZPˆ-algebras, ψ(B(K)) is a anonially pos-
itive ZPˆ-basis in Aˆ(K,x,y). We now prove that, up to normalization by elements
of Pˆ, ψ(B(K)) and By(K) = {luster monomials} ⊔
{
Fy
δ
n (u(y))|n ≥ 1
}
oinide.
For this, it sues to prove that for any n ≥ 1, ψ(Fn(u)) ∈ PˆFy
δ
n (u(y)). More
preisely, we prove by indution that for any n ≥ 1, we have
ψ(Fn(u)) = y
−nδ2 Fy
δ
n (u(y)).
We reall that
u = x0x3 − x1x2
where x0 =
x21+1
x2
and x3 =
x22+1
x1
. Expressing r0, r3, q0, q3 in terms of y1, y2 using
identities (7.4) and (7.5), a diret omputation leads to
ψ(u) = ψ(x0)ψ(x3)− ψ(x1)ψ(x2)
=
1
x1x2
(
x21
y
δ
2
+ y
δ
2x22 +
y
− 12
2
y
− 12
1
)
= y−
δ
2
x21 + y1y2x
2
2 + y2
x1x2
= y−
δ
2 u(y)
Fix now some integer n ≥ 1, we know that
Fn+1(u) = Fn(u)F1(u)− Fn−1(u)
so
ψ(Fn+1(u)) = ψ(Fn(u))ψ(F1(u))− ψ(Fn−1(u))
= y−
nδ
2 Fy
δ
n (u(y))y
− δ2Fy
δ
1 (u(y))− y
− (n−1)2 δFy
δ
n−1(u(y))
= y−
n+1
2 δFy
δ
n (u(y))F
y
δ
1 (u(y))− y
− (n−1)2 δFy
δ
n−1(u(y))
= y−
n+1
2 δ
(
Fy
δ
n (u(y))F
y
δ
1 (u(y))− y
δFy
δ
n−1(u(y))
)
= y−
n+1
2 δ
(
Fy
δ
n+1(u(y))
)
where the last equality follows from Denition 6.1. Sine Pˆ ontains the roots of
all degrees of elements of P, y−
n+1
2 δ = y
−n+12
1 y
−n+12
2 belongs to Pˆ. For every n ≥ 1,
we have Fy
δ
n (u(y)) ∈ Pψ(Fn(u)) and thus up to a normalization by elements of
Pˆ, ψ(B(K)) oinides with By(K) and By(K) is a anonially positive basis of
Aˆ(K,x,y). 
Using Corollary 6.4, we get an analogue with oeients of Theorem 7.1 :
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Theorem 7.4. The set
Cy(K) = {luster monomials} ⊔
{
Sy
δ
n (u(y))|n ≥ 1
}
is a ZPˆ-basis in Aˆ(K,x,y).
7.2. Quiver of type A˜2,1. We now onsider the quiver of type A˜2,1 from Example
5.3 :
2
>
>>
>>
>>
>
Q : 1 //
@@
3.
We denote by A(Q,x,y) the luster algebra with prinipal oeients at the initial
seed (Q,x,y) where y = {y1, y2, y3} and x = {x1, x2, x3}. We denote by A(Q,x)
the oeient-free luster algebra with initial seed (Q,x). Keeping notations of
Example 5.3, in the oeient-free settings we have :
Theorem 7.5 ([Dup08℄). The set
C(Q) = {luster monomials} ⊔
{
Sn(u)z
k, Sn(u)w
k|n ≥ 1, k ≥ 0
}
is a Z-basis in A(Q,x).
Remark 7.6. Atually, the basis dened in [Dup08℄ is given by
S(Q) = {luster monomials} ⊔
{
unzk, unwk|n ≥ 1, k ≥ 0
}
.
Sine for every n ≥ 1, Sn(u) is a moni polynomial in u of degree n, Theorem 7.5
follows diretly from the above statement.
With oeients, Cerulli proved the following theorem :
Theorem 7.7 ([Cer09℄). The set
By(Q) = {luster monomials} ⊔
{
F y
δ
n (u(y))w(y)
k, F y
δ
n (u(y))z(y)
k|n ≥ 1, k ≥ 0
}
is a anonially positive ZP-basis in A(Q,x,y).
It then follows diretly from Corollary 6.4 that :
Corollary 7.8. The set
Cy(Q) = {luster monomials} ⊔
{
Sy
δ
n (u(y))z(y)
k, Sy
δ
n (u(y))w(y)
k|n ≥ 1, k ≥ 0
}
is a ZP-basis in A(Q,x,y).
7.3. Conjetures for the general ane ase. Let Q be an ane quiver. Let λ
be the parameter of an homogeneous tube in Γ(kQ), we know that XQ,yMλ does not
depend on the hosen parameter λ (see e.g. [DXX09℄) and we denote by z = XQ,yMλ
this ommon value. We denote by ER the set of rigid regular modules in kQ-mod.
Generalizing results of [Dup08℄ for the oeient-free ase, we onjeture that a
ZP-basis in the luster algebra A(Q,x,y) with prinipal oeients at the initial
seed (Q,x,y) an be desribed as follows :
Conjeture 7.9. Let Q be an ane quiver, then
Cy(Q) = {luster monomials} ⊔
{
Sy
δ
n (z)X
Q,y
R |n ≥ 1, R ∈ ER
}
is a ZP-basis in A(Q,x,y).
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Aording to the previous examples, we also give a onjeture for a anonially
positive basis in an ane luster algebra :
Conjeture 7.10. Let Q be an ane quiver, then
By(Q) = {luster monomials} ⊔
{
F y
δ
n (z)X
Q,y
R |n ≥ 1, R ∈ ER
}
is a anonially positive ZP-basis in A(Q,x,y).
In the above examples, the general idea is thus that quantized Chebyshev polyno-
mials of the seond kind are related to representation theoreti properties whereas
quantized Chebyshev polynomials of the rst kind are related to positivity prop-
erties. More preisely, if A(Q,y,x) is a luster algebra assoiated to an ane
quiver Q, quantized Chebyshev polynomials of the seond kind arise naturally from
the study of A(Q,y,x) through the representation theory of Q. Using methods
proposed in [CK08, Dup08, Dup08a, DXX09℄, it thus seems likely to prove that
Cy(Q) is a ZP-basis in A(Q,x,y). Then, using Corollary 6.4, one an express quan-
tized Chebyshev polynomials of the seond kind as positive ZP-linear ombinations
of quantized Chebyshev polynomials of the rst kind. Thus, if Conjeture 7.9 is
proved, it is straightforward to prove that By(Q) is a ZP-basis. The remaining part
would thus be to prove that By(Q) is a anonially positive ZP-basis.
Aknowledgements
The author would like to thank Giovanni Cerulli Irelli for stimulating disussions
about ane luster algebras of type A˜2,1. The results presented in [Cer09℄ provided
the motivation for introduing quantized Chebyshev polynomials. He would also
like to thank Philippe Caldero for interesting remarks and ideas about this subjet.
Finally, he would like to thank Shih-Wei Yang for pointing out the onnetions of
this work with [YZ08℄.
Referenes
[ARS95℄ M. Auslander, I. Reiten, and S. Smalø. Representation theory of Artin algebras. Cam-
bridge University Press, 1995.
[BMR
+
06℄ A. Buan, R. Marsh, M. Reineke, I. Reiten, and G. Todorov. Tilting theory and
luster ombinatoris. Advanes in mathematis, 204(2):572618, 2006. MR2249625
(2007f:16033).
[CC06℄ P. Caldero and F. Chapoton. Cluster algebras as Hall algebras of quiver rep-
resentations. Commentarii Mathematii Helvetii, 81:596616, 2006. MR2250855
(2008b:16015).
[CCS06℄ P. Caldero, F. Chapoton, and R. Shier. Quivers with relations arising from lusters.
Transations of the AMS, 358:13471354, 2006. MR2187656 (2007a:16025).
[Cer09℄ G. Cerulli Irelli. Canonially positive basis of luster algebras of type A
(1)
2 .
arXiv:0904.2543v1 [math.RT℄, 2009.
[CK06℄ P. Caldero and B. Keller. From triangulated ategories to luster algebras II. An-
nales Sientiques de l'Eole Normale Supérieure, 39(4):83100, 2006. MR2316979
(2008m:16031).
[CK08℄ P. Caldero and B. Keller. From triangulated ategories to luster algebras. Inventiones
Mathematiae, 172:169211, 2008. MR2385670.
[CZ06℄ P. Caldero and A. Zelevinsky. Laurent expansions in luster algebras via quiver
representations. Mosow Mathematial Journal, 6:411429, 2006. MR2274858
(2008j:16045).
[Dup08a℄ G. Dupont. Algèbres amassées anes. PhD thesis, Université Claude Bernard Lyon
1, november 2008.
28 G. DUPONT
[Dup08b℄ G. Dupont. Cluster multipliation in stable tubes via generalized Chebyshev polyno-
mials. arXiv:0801.3964v1 [math.RT℄, 2008.
[Dup08℄ G. Dupont. Generi variables in ayli luster algebras. arXiv:0811.2909v1
[math.RT℄, 2008.
[DXX09℄ M. Ding, J. Xiao, and F. Xu. Integral bases of luster algebras and representations of
tame quivers. arXiv:0901.1937v1 [math.RT℄, 2009.
[FK07℄ C. Fu and B. Keller. On luster algebras with oeients and 2-Calabi-Yau ategories.
Trans. AMS, to appear, 2009.
[FZ02℄ S. Fomin and A. Zelevinksy. Cluster algebras I: Foundations. J. Amer. Math. So.,
15:497529, 2002. MR1887642 (2003f:16050).
[FZ07℄ S. Fomin and A. Zelevinksy. Cluster algebras IV: Coeients. Composition Mathe-
matia, 143(1):112164, 2007. MR2295199 (2008d:16049).
[Gab80℄ P. Gabriel. Auslander-Reiten sequenes and representation-nite algebras. In Repre-
sentation theory, I (Pro. Workshop, Carleton Univ., Ottawa, Ont., 1979), volume
831 of Leture Notes in Math., pages 171. Springer, Berlin, 1980.
[Kel05℄ B. Keller. On triangulated orbit ategories. Doumenta Mathematia, 10:551581,
2005. MR2184464 (2007:18006).
[Nak96℄ H. Nakajima. Varieties assoiated with quivers. In Representation theory of algebras
and related topis (Mexio City, 1994), volume 19 of CMS Conf. Pro., pages 139157.
Amer. Math. So., Providene, RI, 1996.
[Pal08℄ Y. Palu. Cluster haraters for 2-Calabi-Yau triangulated ategories. Ann. Inst.
Fourier (Grenoble), 58(6):22212248, 2008.
[Pro08℄ J. Propp. The ombinatoris of frieze patterns and marko numbers.
arXiv:math/0511633v4 [math.CO℄, 2008.
[Rin78℄ C.M. Ringel. Finite dimensional hereditary algebras of wild representation type.Math.
Z., 161(3):235255, 1978.
[Rin84℄ C.M. Ringel. Tame algebras and integral quadrati forms. Leture Notes in Mathe-
matis, 1099:1376, 1984. MR0774589 (87f:16027).
[SZ04℄ P. Sherman and A. Zelevinsky. Positivity and anonial bases in rank 2 luster algebras
of nite and ane types. Mos. Math. J., 4:947974, 2004. MR2124174 (2006:16052).
[YZ08℄ SW. Yang and A. Zelevinsky. Cluster algebras of nite type via Coxeter elements and
prinipal minors. Transform. Groups, 13(3-4):855895, 2008. MR2452619.
